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Abstract
We present the Hawking-Page phase diagrams in the Bergshoeff-Hohm-Townsend (BHT) massive
gravity theory for different solutions, such as the phase transitions between vacuum AdS3 and BTZ
black hole, warped AdS3 and warped BTZ black hole in grand canonical and in non-local/quadratic
ensembles, Lifshitz black hole and the new hairy black hole solutions. We observe that except for the
black holes in quadratic ensemble, for other cases in the non-chiral theory of BHT the phase diagrams
are symmetric with respect to the direction of angular momentum, as we expected. We conclude that
for presenting the phase diagrams of warped AdS3 black holes, only the grand canonical ensemble
should be used.
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1 Introduction
In order to study quantum field theories with momentum dissipations, holographic “massive gravity”
theories could be exploited. There exist different three-dimensional massive gravity models with multiple
geometrical solutions which have their own corresponding dual field theories. One of them is the “Topo-
logical Massive Gravity” (TMG) model, which is the Einstein-Hilbert action plus a Chern-Simons term
that can break the parity of the pure Einstein theory. Recently in [1] the Hawking-Page phase transitions
between AdS3 and BTZ solutions, and also warped AdS3 and warped BTZ black holes of TMG have been
investigated and the Gibbs free energies, local and global stability regions and the phase diagrams of this
theory have been presented.
There is yet another rich theory, the parity preserving Bergshoeff-Hohm-Townsend (BHT) or the
“New Massive Gravity” (NMG) which has many interesting solutions which among the others are thermal
warped AdS3 and warped BTZ black holes. Similar to [1], the aim of this paper is to study Hawking-
Page phase transitions between different solutions of NMG. Particularly, we study phase transitions
between thermal AdS3 and BTZ black holes, warped AdS3 and warped BTZ black holes in two different
thermodynamical ensembles and the phase transitions between Lifshitz and also new hairy black holes
with their corresponding vacua.
One should note that warped AdS3 geometry is in fact a deformed AdS3 that preserves the SL(2, R)×
U(1) subgroup of SL(2, R) × SL(2, R) isometry. The obtained space-times are called null, time-like or
space-like warped AdS3 (WAdS3) based on the norm of U(1) killing vectors. The time-like WAdS3 is
1
famously called Go¨del solution [2,3]. As the phase transitions from the thermal AdS3 or WAdS3 to BTZ
or warped BTZ black hole is dual to confining/deconfining phase transitions in the dual field theory, these
models could be used in studying QCD or two-dimensional condensed matter systems with dissipations.
The plan of this paper is as follows. First, in section 2, by finding the free energies, we discuss
phase transitions between the vacuum AdS3 and BTZ black hole solutions and then in section 3, for
the quadratic/non-local ensemble we discuss the thermodynamics and also the local and global stability
regions. In section 4, we calculate the free energies of warped AdS3 vacuum and warped BTZ black hole
solutions. We then present the phase diagrams of these solutions. For the sake of comparison, in section
5 we present the phase diagrams in grand-canonical ensemble. Next, in section 6, we discuss the free
energies and phase transitions of Lifshitz and new hairy black hole solutions of NMG and finally we finish
up with a conclusion in section 7.
2 The Bergshoeff-Hohm-Townsend Theory
The Bergshoeff-Hohm-Townsend (BHT) or the new massive gravity (NMG) is a higher-curvature extension
of the Einstein-Hilbert action in three dimensions which is diffeomorphism and parity invariant. In the
linearized level, it is equivalent to the unitary Pauli-Fierz action for a massive spin-2 field [4].
The action of NMG is
S =
1
16piGN
∫
d3x
√−g
[
R− 2Λ + 1
m2
(
RµνRµν − 3
8
R2
)]
, (2.1)
where m is the mass parameter, Λ is the cosmological constant and GN is the three-dimensional
Newton constant. In the case of m → ∞, the theory reduces to the Einstein gravity action and in the
limit of m→ 0, it would be just a pure fourth-order gravity model.
The equation of motion from the action could be derived as
Rµν − 1
2
Rgµν + Λgµν +
1
m2
Kµν = 0, (2.2)
with the explicit form of Kµν as below [4],
Kµν = ∇2Rµν − 1
4
(∇µ∇νR+ gµν∇2R)− 4RσµRσν + 94RRµν + 12gµν
(
3RαβRαβ − 13
8
R2
)
.
(2.3)
An auxiliary action which make the variational principle well-defined would be
SAux =
1
16piGN
∫
σ
d3x
√−g
(
fµν(Rµν − 1
2
Rgµν)− 1
4
m2(fµνf
µν − f2)
)
, (2.4)
where fµν is a rank two symmetric tensor with the following form
fµν =
2
m2
(Rµν − 1
4
Rgµν). (2.5)
2
This theory admits many solutions such as vacuum AdS3, warped AdS3, BTZ black hole, asymptotic
warped AdS black hole, Lifshitz, Schro¨dinger and so on [4], [5]. By finding the on-shell free energies, we
construct the phase diagrams between several of these solutions.
3 Phase transitions of AdS3 solution
The vacuum AdS3 solution of this theory is as below
ds2AdS3 = l
2(dρ2 − cosh2 ρ dt2 + sinh2 ρ dφ2), (3.1)
where [6]
1/l2 = 2m2(1±
√
1 +
Λ
m2
), (3.2)
and the boundary where the dual CFT is defined is located at ρ→∞.
For this case we use the relation G(T,Ω) = TS[gc] to find the Gibbs free energy, where gc is the
Euclidean saddle and τ = 12pi (−βΩE + iβl ) is the modular parameter. We work in the regimes where the
saddle-point approximation could be used.
First, we need to find the free energy of the vacuum solution. In [7] and [8], the authors derived a
general result for deriving the action of thermal AdS3 in any theory as
SE
(
AdS(τ, τ˜)
)
=
ipi
12l
(cτ − c˜τ˜). (3.3)
The modular transformed version of this equation would then give the thermal action of the BTZ black
hole. By changing the boundary torus as τ → − 1τ and then by using the modular invariance, one would
have
ds2BTZ
[
−1
τ
]
= ds2AdS[τ ], (3.4)
which would result in
SE
(
BTZ(τ, τ˜)
)
=
ipi
12l
(
c
τ
− c˜
τ˜
). (3.5)
In this equation the contribution of the quantum fluctuations of the massless field is neglected as for
low temperatures (large β) they are suppressed.
One should notice that this equation and its modular transformed version only work for the AdS3
case and not particularly for the “warped AdS3” or “asymptotically warped AdS black holes” as their
boundary is not an exact AdS.
So now, by inserting the central charges of NMG [9,10]
cL = cR =
3l
2GN
(
1− 1
2m2l2
)
, (3.6)
3
and the modular parameter τ = 12pi (−βΩE + iβl ) in Eq 3.3, we find entropy as below
SE = − 1
8lTGN
(
1− 1
2m2l2
)
. (3.7)
Unlike the corresponding equation in the TMG case, this relation does not depend on the Euclidean
angular velocity ΩE . This is because the NMG theory has chiral symmetry and the central charges are
equal to each other that makes the terms containing Ω to vanish. Using 3.7 we find the Gibbs free energy
as
GAdS(T,Ω) = − 1
8lGN
(
1− 1
2m2l2
)
. (3.8)
Just by considering this equation one can see that the stability condition of the vacuum AdS3 in NMG is
m2l2 > 12 which is of course different from the Einstein theory.
Additionally the NMG theory also admits a general rotating BTZ black hole solution which is in the
following form,
ds2 = l2
[
− (r
2 − r2+)(r2 − r2−)
r2
dt2 +
r2
(r2 − r2+)(r2 − r2−)
dr2 + r2(dφ+
r+r−
r2
dt)2
]
. (3.9)
The Hawking temperature of this black hole is [11]
TH =
κ
2pi
=
1
2pil
∂rN√
grr
∣∣∣
r=r+
=
r+
2pil
(
1− r
2−
r2+
)
, (3.10)
the entropy is
SBH =
pi2l
3
c(TL + TR), (3.11)
and the angular velocity at the horizon is defined as [11]
Ω =
1
l
Nφ(r+) =
1
l
r−
r+
. (3.12)
The left and right temperatures are given by [12]
TL =
r+ + r−
2pil
=
T
1− lΩ , TR =
r+ − r−
2pil
=
T
1 + lΩ
, (3.13)
and the left and right energies can be defined as below
EL ≡ pi
2l
6
cLT
2
L, ER ≡
pi2l
6
cRT
2
R. (3.14)
These parameters are related to the mass and angular momentum as [11]
M = EL + ER, J = l(EL − ER). (3.15)
4
The horizons of the BTZ black hole are located at
r+ =
√
2
(Ml˜2
4
+
l˜
4
√
M2 l˜2 − j2
)
=
2pilT
1− Ω2l2 , r− =
√
2
(Ml˜2
4
− l˜
4
√
M2 l˜2 − j2
)
=
2piΩl2T
1− Ω2l2 . (3.16)
The central charges of BTZ black hole in NMG is
cL = cR =
3l
2GN
(
1− 1
2m2l2
)
. (3.17)
For theory to be physical, the central charge and the mass of the BTZ black hole should be positive which
again sets the condition m2l2 > 12 .
These parameters satisfy the first law of thermodynamics
dM = THdSBH + ΩdJ, (3.18)
and its integral satisfy the Smarr relation [11],
M =
1
2
THSBH + ΩJ. (3.19)
Now one can read the Gibbs free energy from the following relation
G = M − THSBH − ΩJ. (3.20)
Using all the above equations, the Gibbs free energy of the BTZ in NMG would be
GBTZ(T,Ω) = −
pi2T 2
(
2m2l2 − 1)
4GNm2l (1− l2Ω2) . (3.21)
This result can also be rederived by considering the modular invariance. Therefore, using the relation
3.5 and G(T,Ω) = TS[gc] again denotes the applicability of 3.3 for the AdS3 solution of NMG.
From the relation for the Gibbs free energy, one can see that for small rotations Ω and regardless of
the size of black hole’s event-horizon, the thermal stability condition for BTZ black hole is m2l2 > 12 [13].
If this condition is satisfied, the Hawking-Page phase transition can occur between the BTZ black hole
and the thermal solution. For the case of m2l2 < 12 the fourth-order curvature term is dominant and an
inverse Hawking-Page phase transition between the BTZ black hole and the ground state massless BTZ
black hole would occur [13]. We now extend these results to the higher angular momentums.
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3.1 The stability conditions
In order to study the local stability of BTZ black hole, we find the Hessain (H) of its free energy G(T,Ω)
in the following form
H =

∂2G
∂T 2
∂2G
∂T∂Ω
∂2G
∂Ω∂T
∂2G
∂Ω2
 =

pi2(2m2l2−1)
2GNm2(Ω2l2−1)
pi2l2(1−2l2m2)TΩ
GNm2(Ω2l2−1)2
pi2l2(1−2m2l2)TΩ
GNm2(Ω2l2−1)2
pi2T 2(2m2l2−1)(l2+3l4Ω2)
2GNm2(Ω2l2−1)3
 (3.22)
In the region where both of its eigenvalues are negative, the system is stable. By finding the eigenvalues
of the above matrix and then by assuming GN = l = 1, the stable region of the parameters would be
found as m2 > 1 and Ω2 < 1 for any T which is similar to the stability region of TMG in [1].
For studying the global stability one should find the difference of the free energies of AdS and BTZ
which in our case is
∆G = GAdS −GBTZ = 2m
2l2 − 1
4GNm2l
(
pi2T 2
1− l2Ω2 −
1
4l2
)
. (3.23)
3.2 Phase diagrams
Based on thermodynamical relations, if ∆G > 0, the BTZ black hole is the dominant phase and if ∆G < 0,
the phase of thermal AdS3 would be dominant. By assuming GN = l = 1, we find the phase diagrams
of Figures 1 and 2. One can notice that these diagrams are symmetric since in NMG theory (unlike the
TMG case) parity is conserved.
BTZ
AdS
-1.0 -0.5 0.0 0.5 1.0
0.0
0.1
0.2
0.3
0.4
W
T
Figure 1: m = 1.05.
BTZ
AdS
-1.0 -0.5 0.0 0.5 1.0
0.0
0.1
0.2
0.3
0.4
W
T
Figure 2: m = 10.
From the above diagrams one can also notice that by decreasing m the effects of higher derivative
correction terms in the action would increase. From this one can infer that the BTZ black hole in NMG
would be formed in a lower temperature relative to pure Einstein-Hilbert theory and it is simply because
the modes are massive here. On the other hand, increasing m with a specific angular velocity would cause
the phase transitions from AdS3 to BTZ black hole occur at bigger temperatures.
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4 Phase transitions of warped AdS3 solution in quadratic ensemble
In order to study thermodynamics and the phase diagrams of black holes, one should first choose the
thermodynamical ensemble. In [14], the authors introduced two different thermodynamical ensembles,
the “grand canonical” and the “quadratic/non-local” ensembles. By specifically choosing the coordinate
system to write the WAdS black hole (since the coordinate transformations are charge dependent), the
ensemble of the black hole would be determined.
In this section, in the quadratic ensemble, we introduce the thermal WAdS3 and Warped BTZ black
hole solutions in the time-like and space-like coordinates and then we present the phase diagrams.
4.1 Go¨del space-time
The true vacuum of WAdS3 black hole is the time-like WAdS3 (the three-dimensional Go¨del spacetime)
[15, 16]. This metric is a constant curvature Lorentzian manifold with U(1) × SL(2,R) isometry group
where the U(1) factor is generated by a time-like Killing vector. Its metric is given by
ds2 = −dt2 − 4ωrdtdφ+ `
2dr2
(2r2(ω2`2 + 1) + 2`2r)
−
(2r2
`2
(ω2`2 − 1)− 2r
)
dφ2. (4.1)
In the special case of ω2`2 = 1, this metric corresponds to AdS3. For this timelike solution we have
m2 = −(19ω
2`2 − 2)
2`2
, Λ = −(11ω
4`4 + 28ω2`2 − 4)
2`2(19ω2`2 − 2) . (4.2)
Although this metric contains closed time-like curves (CTSs) and is unstable with respect to the
quantum fluctuations, it has been studied to a great extent in the literature. In fact, this metric with
large scale deficiencies surrounded by a more standard space-time can model some rotating objects which
have physical applications in cosmology and condensed matter physics [2]. Therefore one could think that
constructing its phase diagrams would have some interesting applications.
4.2 Space-like warped BTZ black hole
In the quadratic/non-local ensemble and in the ADM form, the warped AdS3 black hole of NMG theory
can be written as
ds2
l2
= dt2 +
dr2
(ν2 + 3)(r − r+)(r − r−) + (2νr −
√
r+r−(ν2 + 3))dtdφ
+
r
4
[
3(ν2 − 1)r + (ν2 + 3)(r+ + r−)− 4ν
√
r+r−(ν2 + 3)
]
dφ2.
(4.3)
In this background, if ν2 = 1, the space is locally AdS3, if ν
2 > 1, it is stretched and if ν2 < 1, it is a
squashed deformation of AdS3. For the space-like solution, the parameters would be
m2 = −(20ν
2 − 3)
2l2
, Λ = −m
2(4ν4 − 48ν2 + 9)
(20ν2 − 3)2 . (4.4)
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If one employs the following relations
ω =
ν
l
, ω2`2 + 2 = 3`2/l2, (4.5)
equation 4.2 can be re-derived.
Notice that “l” is the radius of space-like AdS3 and “`” is the radius of the warped time-like AdS3.
Similar to the way we derived BTZ black hole by global identifications, we can also derive 4.3 from 4.1.
In order to have a real m and and a negative Λ and therefore a physical solution, from 4.2 and 4.4 the
allowed range of ν and ω would be determined as
−
√
2
19
< ω` <
√
2
19
, −
√
3
20
< ν <
√
3
20
. (4.6)
4.3 The free energies and phase diagrams
Now by using the thermodynamic quantities and conserved charges we calculate the free energies of both
of these space-times and then we proceed by making the phase diagrams.
The conserved charges of timelike WAdS3 in NMG for a “spinning defect” have been calculated in [17].
Using these relations one can take the limit of µ→ 0 to find the mass and angular momentum as
M = − 4`
2ω2
GN (19`2ω2 − 2) , J = −
4j`4ω3
GN (19`2ω2 − 2) . (4.7)
The entropy and temperature of the time-like warped AdS3 are zero. So the Gibbs free energy would be
Gspinning defect =M− ΩJ =
4`2ω2
(
(µ− 1) + Ωj`2ω)
GN (19`2ω2 − 2) . (4.8)
Taking the limit of zero defect we get the following relation
Gtimelike WAdS = − 4`
2ω2
GN (19`2ω2 − 2) = −
4ν2
GN (20ν2 − 3) . (4.9)
Now by calculating the conserved charges we can calculate the thermodynamic properties and the
Gibbs free energies of the black holes with asymptotic warped AdS3 geometry.
The thermodynamical quantities are [11], [15]
TH =
ν2 + 3
8piνl
(
r+ − r−
r+ −
√
(ν2+3)r+r−
4ν2
)
, Ω =
1
νl
(
1
r+ −
√
(ν2+3)r+r−
4ν2
)
, (4.10)
TL =
(ν2 + 3)
8pil2
(r+ + r− − 1
ν
√
(ν2 + 3)r−r+), TR =
(ν2 + 3)
8pil2
(r+ − r−). (4.11)
The conserved charges, mass and angular momentum are
M = Q∂t =
ν(ν2 + 3)
GN l(20ν2 − 3)
(
(r− + r+)ν −
√
r+r−(ν2 + 3)
)
, (4.12)
8
J = Q∂ϕ =
ν(ν2 + 3)
4GN l(20ν2 − 3)
(
(5ν2 + 3)r+r− − 2ν
√
r+r−(ν2 + 3)(r+ + r−)
)
. (4.13)
Also the condition for the existence of black hole would be
J ≤ GN l(20ν
2 − 3)
4ν(ν2 + 3)
M2, M≥ 0. (4.14)
One can see that these inequalities specifically do not put any new constraint on ν. In addition, the
entropy of warped BTZ black hole in NMG is
SBH =
8piν3
(20ν2 − 3)GN (r+ −
1
2ν
√
(ν2 + 3)r+r−). (4.15)
These thermodynamical quantities follow the first law of thermodynamics and their integrals follow
the Smarr-like relation as below
M = THSBH + 2ΩJ. (4.16)
The central charge of warped BTZ black hole is [15]
c = − 96lν
3
GN (20ν4 + 57ν2 − 9) . (4.17)
One can now study the behavior of cosmological constant Λ and also the central charge c with respect
to the warping parameter ν as in Figures 3 and 4. Note that in the region where there is no CTSs, the
change of central charge is a monotonically increasing function of ν. Also at ν = 0 or ν → ±∞, the
central charge is zero which indicates that for infinitely squashed or stretched space time the Casimir
energy would vanishe. Note also that the central charge diverges at ν = ±
√
3
20 ∼ 0.387.
For characterizing a physical theory the central charge should be positive. If we assume GN = l = 1,
then the constraint on ν would be 0 < ν <
√
3
20 .
-0.4 -0.2 0.2 0.4 Ν
-3.0
-2.5
-2.0
-1.5
L
Figure 3: The plot of cosmological constant, Λ vs.
−
√
3
20 < ν <
√
3
20 .
-0.4 -0.2 0.2 0.4 Ν
-1.0
-0.5
0.5
1.0
c
Figure 4: The central charge of NMG vs. ν.
If one defines
K = 1 +
8lpiT (lpiT − ν)± 4pilT√4pi2l2T 2 − 8lpiTν + ν2 + 3
ν2 + 3
, (4.18)
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then
r+ =
1
Ωνl
(
1− 12ν
√
K(ν2 + 3)
) , r− = Kr+. (4.19)
The minus sign in the relation for K would be the correct sign as it leads to a smaller r− relative to r+.
Now in terms of Ω, T , K and ν the Gibbs free energy would be
GWBTZ =
1
GNΩl(20ν2 − 3)
[
− 8piTν2 + (ν
2 + 3)
l
(
1− 12ν
√
K(ν2 + 3)
)((K + 1)ν −√K(ν2 + 3)
− (5ν
2 + 3)K − 2ν(K + 1)√K(ν2 + 3)
4νl
(
1− 12ν
√
K(ν2 + 3)
) )].
One can see that this Gibbs free energy only depends on Ω, T and ν.
As mentioned earlier, the ensemble that this metric has been written and the phases have been found
is the “quadratic/non-local” ensemble [14]. The partition function for this specific ensemble is [14]
Zbh = Tr exp
[
−βR
(
L0 − P
2
0
k
)
− βLP
2
0
k
]
, (4.20)
where βL,R = T
−1
L,R, L0 is the charge associated to the SL(2, R) zero mode, P0 is the U(1) charge, and c
and k are the central extensions of the Virasoro + Kac-Moody algebra.
In this ensemble, the corresponding algebra cannot be written as the variations of local currents, and
its U(1) part is charge-dependent. Its algebra is a quadratic combination of Virasoro and Kac-Moody
generators and it contains spectral flow and anomalous terms. Also all the currents of the algebra are
right moving. We will show that although the microcanonical entropy does not depend on the choice of
ensemble, but the Gibbs free energy and therefore the phase diagram does and therefore this ensemble, as
it contains anomaly, might not be suitable for studying the phase transitions of the black hole solutions.
Now that we have found the free energies of the warped BTZ black hole and its vacuum, we can find
the phase diagrams (temperature versus the angular velocity). Then we can compare them for different
warping factors and therefore we would be able to study the effect of ν on the phase transitions.
The phase diagram for ν = 0.387 is shown in Figure 5. In the blue regions the warped BTZ black hole
is the dominant phase and in the white regions the vacuum WAdS is dominant. If one increases ν till the
relation ν ≥
√
3
20 become satisfied, then these two phases would swapped with each other.
As one can see from Figures 5, 6, in the quadratic/non-local ensemble (unlike the grand canonical
ensemble), the diagrams of warped AdS solution are not symmetric although NMG is a parity preserving
theory. The phase diagram for the positive and negative angular velocities are very different as for the
warped geometry the free energy is an odd function of Ω.
One can notice that if Ω > 0, at lower temperatures the phase of warped black hole is dominant
and at higher temperatures the thermal warped AdS3 case would be dominant. In this case increasing
temperature would trigger the reverse Hawking-Page transition and the black hole phase changes to the
thermal warped AdS3. So a bigger Ω makes the black hole solution the dominant phase while bigger T
makes the vacuum phase dominant.
10
WAdS
WAdS
WBTZ
WBTZ
Ν=0.387
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Figure 5: The phase diagram for ν = 0.387.
Ν=0.3
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Ν=0.1
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Figure 6: The phase diagram for different ν.
The behavior of the phase diagram for different ν is also shown in Figure 6. For this diagram one
can define a critical temperature Tc where the tilted line crosses the Ω = 0 axis and then one can see
that increasing ν would decrease this critical temperature. So for Ω < 0, increasing the warping factor
ν makes the black hole phase dominant while in the case of Ω > 0, increasing ν would cause that the
vacuum AdS3 becomes the dominant phase.
5 Phase diagram of warped AdS3 solution in grand canonical ensemble
The WAdS3 black hole in the grand canonical solution would be of the following form
gµν =

− r2
l2
− H2(−r2−4lJ+8l2M)2
4l3(lM−J) + 8M 0 4J − H
2(4lJ−r2)(−r2−4lJ+8l2M)
4l2(lM−J)
0 1
16J2
r2
+ r
2
l2
−8M 0
4J − H2(4lJ−r2)(−r2−4lJ+8l2M)
4l2(lM−J) 0 r
2 − H2(4Jl−r2)24l(lM−J)
 . (5.1)
The change of coordinate to go from the above metric to the form of 4.3 were derived in [1]. The
theormodynamical ensemble of this black hole is the grand-canonical which its partition function is in the
following form
Z (β, θ) = Tre−βP0+iθL0 , (5.2)
where β here is the inverse temperature and θ is the angular potential. The phase diagram for this
specific ensemble was just recently presented in [18] which we brought here in Fig 7 for the sake of
comparison to the previous case.
Using the relations of conserved charges and entropy, one can derive the Gibbs free energy as below
GWBTZ(T,Ω) =
−8l2pi2T 2(1− 2H2) 32
(17− 42H2)(1− l2Ω2) . (5.3)
11
By setting M = −18 and J = 0 the Gibbs free energy of vacuum could also be found.
5.1 local stability
The Hessian matrix for the solution 5.1 would be
H =

16l2pi2(1−2H2)3/2
(17−42H2)(l2Ω2−1)
−32l4pi2TΩ(1−2H2)3/2
(17−42H2)(l2Ω2−1)2
−32l4pi2TΩ(1−2H2)3/2
(17−42H2)(l2Ω2−1)2
16pi2T 2(1−2H2)3/2(l4+3l6Ω2)
(17−42H2)(l2Ω2−1)3
 (5.4)
For having a locally stable solution, all of the eigenvalues of the Hessian should be negative. If Ω = 0
then any H2 < 1742 can make both of the eigenvalues of 5.4 negative and the solution stable.
One can notice that unlike the previous ensemble, in the grand canonical ensemble the diagrams of
warped BTZ black hole solution are symmetric. This in fact is the result of parity preserving nature
of BHT gravity. This could show us that the thermodynamical properties of warped black holes and
therefore their Hawking-Page phase diagrams could only be meaningful in the grand canonical ensemble
and not in any other ensembles. The significations of phase diagrams in other thermodynamical ensembles
are not clear to us.
WAdS
WBTZ
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Figure 7: Phase diagram for WAdS solution in grand canonical ensemble, C = l = 1.
6 Phase diagram of the hairy black hole
Another interesting black hole solution in the New Massive Gravity is the “New Hairy black hole” which in
this section we are going to study its Hawking-Page phase transitions. This solution was first introduced
in [19] and later it was studied more in [11,20].
If the parameters of the actions 2.1 be m2 = Λ = − 1
2l2
, the hairy black hole could be a solution of
BHT. The form of its metric is as follows
ds2 = −NFdt2 + dr
2
F
+ r2(dφ+Nφdt)2. (6.1)
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The definition of the parameters in this metric is as below
N =
(
1 +
bl2
4H
(
1− Ξ 12 ))2, Nφ = − a
2r2
(4GNM − bH),
F =
H2
r2
(H2
l2
+
b
2
(
1 + Ξ
1
2
)
H +
b2l2
16
(
1− Ξ 12
)2 − 4GNM Ξ 12),
H =
(
r2 − 2GNMl2
(
1− Ξ 12 )− b2l4
16
(
1− Ξ 12 )2) 12 ,
where Ξ := 1− a2
l2
and −l ≤ a ≤ l.
There are two conserved charges for this black hole which are M and J = Ma and a gravitational
hair parameter b. Its thermodynamical quantities would be
Ω =
1
a
(
Ξ
1
2 − 1
)
, T =
1
pil
Ξ
1
2
√
2GN∆M
(
1 + Ξ
1
2
)−1
,
S =pil
√
2
GN
∆M
(
1 + Ξ
1
2
)
, ∆M = M +
b2l2
16GN
.
Using all these quantities one can read the Gibbs free energy. We see that the region where the black
hole can be locally stable for any b is Ω2l2 < 1. With these parameters we can simplify the relation of
the Gibbs free energy as
GNBH =
l2
16GN
(
16pi2T 2
(
5l2Ω2 − 1)
(l2Ω2 − 1)2 −
b2
(
3l2Ω2 + 1
)
l2Ω2 + 1
)
. (6.2)
Note that in addition to Ω and T the Gibbs free energy also depends on the hair parameter b. One can
also check this free energy would not vanish for any real b.
Now to study the local stability of the hairy black hole we calculate its Hessian as
H =

2l4pi2Ω2(l2Ω2+3)
GN (l2Ω2−1)2 −
4l4pi2TΩ(5l2Ω2+3)
GN (l2Ω2−1)3
−4l
4pi2TΩ(5l2Ω2+3)
GN (l2Ω2−1)3
l4
(
b2(l2Ω2−1)4(3l2Ω2−1)+24pi2T 2(l2Ω2+1)3(1+5l2Ω2(2+l2Ω2))
)
4GN (l2Ω2−1)4(l2Ω2+1)3
 . (6.3)
The region where both of the eigenvalues of the above matrix are negative and therefore the black
hole is stable would depend on the hair parameter b. The phase diagram for the specific value of b = 20
is shown in Figure 8.
One can check that for GN = l = 1 and for any b the angular velocity should be in the range of
−0.5 < Ω < 0.5, so that the black hole solution can be locally stable. Increasing Ω can make the black
hole locally unstable. Also any condition for T would depend on b.
Increasing the hair parameter b would make the region of local stability wider. So basically the hair
parameter makes the system more stable and Ω makes it more unstable. In condensed matter systems,
it would be interesting to investigate the dual interpretation of the hair parameter and how physically it
can increase the stability.
In Figure 9, the phase diagram for the region of local stability, the vacuum AdS3 solution and the
13
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Figure 8: The local stable region for b = 20.
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Figure 9: The phase diagram for b = 20.
ground state of the hairy black hole is shown. The region where ∆G1 = GAdS − GNBH > 0 is the union
of regions 1, 2, 3. By comparing the Gibbs free energy of this black hole with the free energy of vacuum
AdS, one can deduce that for any locally stable region and for any value of b, only the black hole phase
would be present. So the only phase that is both locally and globally stable is the black hole solution.
Outside of region 1 no phase would be locally stable.
The case of M = M0 = − b2l216GN in this solution is the ground state which corresponds to an extremal
case where both the left, right and the Hawking temperatures and also the entropy vanish [20]. So its
free energy would be
G0NBH = −
b2l2
16GN
(
3− 2
1 + l2Ω2
)
. (6.4)
The region where ∆G2 = G0NBH −GNBH > 0 is the union of 1 and 2. Again one can see that the black
hole can be stable only if −0.5 < Ω < 0.5.
One can also make the phase diagrams of M versus J and study the effects of other physical parameters
or conserved charges on the stabilities and on phase transitions. This could shed more light on other
physical characteristics of the whole system of solutions.
7 Conclusion
In this paper we calculated the free energies of the thermal AdS3 and BTZ black holes, thermal warped
AdS3 and warped BTZ black holes in the quadratic/non-local and grand canonical ensembles and also the
new hairy black hole in BHT gravity and then we plotted the Hawking-Page phase transition diagrams. We
found symmetric diagrams for the solutions with AdS3 geometry, warped AdS geometry in grand canonical
ensemble and non-symmetric diagrams for the solution of warped AdS3 geometry in quadratic/non-local
ensemble. Since the theory of BHT is parity preserving, this could lead to the result that only the grand
canonical ensemble should be used to present the physical phase diagrams. By using the phase diagrams,
we also studied the effects of mass parameters, warping factor ν and the hair parameter on the stability
of the solutions.
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